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Rational curves on M g and K3 surfaces
L. BENZO
Abstract
Let (S,L) be a smooth primitively polarized K3 surface of genus g and f : X → P1 the
fibration defined by a linear pencil in |L|. For f general and g ≥ 7, we work out the split-
ting type of the locally free sheaf Ψ∗fTMg , where Ψf is the modular morphism associated
to f . We show that this splitting type encodes the fundamental geometrical information
attached to Mukai’s projection map Pg → Mg, where Pg is the stack parameterizing
pairs (S,C) with (S,L) as above and C ∈ |L| a stable curve. Moreover, we work out
conditions on a fibration f to induce a modular morphism Ψf such that the normal sheaf
NΨf is locally free.
1 Introduction
The theory of rational curves on algebraic varieties has played a fundamental role in algebraic
geometry in the last decades.
This has been mainly motivated by the importance of rational curves in the framework of
the Minimal Model Program and of the study of higher dimensional algebraic varieties. More
generally, the existence and the "number" of rational curves on a variety X provides a rough
measure of the complexity of X. For example the uniruledness of X, i.e. the fact that there
is a rational curve passing through a general point of X, implies that X has negative Kodaira
dimension. The converse is the claim of a famous conjecture. If X is not uniruled, one can
consider the subvariety of X spanned by rational curves and study its geometry.
Let X be a complex projective variety of dimension n and let g : P1 → X be a morphism
whose image is contained in the smooth locus of X. The sheaf g∗TX is a locally free sheaf of
rank n over P1, which splits into a direct sum of line bundles by the so-called "Grothendieck’s
theorem".
Let g∗TX ∼= ⊕
n
i=1OP1(ai), a1 ≥ a2 ≥ ... ≥ an. The n-tuple (a1, ..., an), which we will call the
splitting type of g∗TX , provides information concerning the deformations of the morphism g.
If ai ≥ r for a nonnegative integer r and all i = 1, ..., n, the morphism g is said to be r-free.
If g is r-free, then there is a deformation of g whose image contains r + 1 general points
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of the variety X. In particular the existence of a 0-free (1-free) morphism to X yields the
uniruledness (rationally connectedness) of X itself. 0-free morphisms are also called free.
A remarkable property is that, for a general deformation g˜ of g, the splitting type of g˜∗TX
is independent on g˜, a fact which will allow us to consider the splitting type associated to a
fibration which is general among those considered.
Let nowX be a nonsingular projective surface and B a nonsingular projective connected curve.
A non-isotrivial fibration f : X → B induces a nonconstant modular map Ψf : B → Mg,
where Mg is the coarse moduli space of stable curves of genus g.
One can consider the sheaf NΨf , which is defined as the cokernel of the map 0 → TB
κf
−→
Ext1f (Ω
1
X/B ,OX). The map κf is fiberwise, over the points b such that the fibre X(b) is
reduced, the Kodaira-Spencer map of the family f at b. If the fibration f is stable and the
image of Ψf is contained in the smooth locus of Mg, one has that Ext
1
f (Ω
1
X/B ,OX)
∼= Ψ∗fTMg
and κf is exactly the inclusion in the tangent sequence, hence NΨf can be interpreted as the
normal sheaf to the the map Ψf . In the first part of the article we work out conditions on f
such that the sheaf NΨf is locally free. The main statement is the following
Proposition 3.1. Let f : X → B be a non-isotrivial fibration with reduced fibres such that
Ext1f (Ω
1
X/B ,OX) is locally free and h
0(TX |F ) = 0 for all smooth fibres of f . Then NΨf is
locally free.
In the second part of the article we introduce K3-type fibrations i.e. fibrations f defined
by a linear pencil Λ ⊂ |L|, where L is an ample globally generated and primitive line bundle
on a smooth K3 surface.
Let Pg be the stack parameterizing pairs (S,C) such that (S,L) is a smooth primitively
polarized K3 surface of genus g and C ∈ |L| is a stable curve. One can consider the obvious
projection cg : Pg → Mg, where Mg is the moduli stack of stable curves of genus g. Let
Kg ⊂Mg be the image of cg restricted to pairs (S,C) such that C is smooth.
Our main result is the following
Theorem 5.13. Let f be a general K3-type fibration of genus g ≥ 7. Then
Ψ∗fTMg
∼=

OP1(2)⊕OP1(1)
⊕21−g ⊕O⊕4g−25
P1
, 7 ≤ g ≤ 9
OP1(2)⊕OP1(1)
⊕12 ⊕O⊕13
P1
⊕OP1(−1), g = 10
OP1(2)⊕OP1(1)
⊕10 ⊕O⊕19
P1
, g = 11
OP1(2)⊕OP1(1)
⊕12 ⊕O⊕17
P1
⊕OP1(−1)
⊕3, g = 12
OP1(2)⊕OP1(1)
⊕g−1 ⊕O⊕19
P1
⊕OP1(−1)
⊕2g−22, g ≥ 13.
This can be stated also in its "geometrically interpreted" version
Theorem 6.2. Let f be a general K3-type fibration of genus g ≥ 7, let ag be the dimension
of the general fibre of the morphism cg, and bg the codimension of Kg in Mg. Then
Ψ∗fTMg
∼= OP1(2)⊕OP1(1)
⊕g−1 ⊕OP1(1)
⊕ag ⊕O
⊕2g−3−ag−bg
P1
⊕OP1(−1)
⊕bg .
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The assumptions in Proposition 3.1 are satisfied by a general K3-type fibration, hence
NΨf is locally free in that case. Moreover, for g ≥ 7, one has that
Ψ∗fTMg
∼= TP1 ⊕NΨf .
2 Background material
2.1 Basic facts about deformation theory
In this subsection we follow the treatment in [26]. By a scheme (or k-scheme) we mean a
locally noetherian separated scheme over an algebraically closed field k.
Let f : X → Y be a morphism of algebraic k-schemes, let A be the category of local artinian
k-algebras with residue field k. A functor of Artin rings is defined to be a covariant functor
F : A→ Sets.
The following functors of Artin rings will be considered in the sequel (see [26], pp. 162 and
164):
- DefX (resp. Def
′
X), the functor of deformations (resp. locally trivial deformations) of
X;
- Deff (resp. Def
′
f ), the functor of deformations (resp. locally trivial deformations) of f ;
- Deff/Y (resp. Def
′
f/Y ), the functor of deformations (resp. locally trivial deformations)
of f leaving the target fixed;
If F is one of the functors above and A ∈ Ob(A), F(A) will be the set of isomorphisms classes
of deformations (or locally trivial deformations) of the respective data over A.
If A = k[ǫ] (the ring of the dual numbers), the deformation will be called first order, if
A ∈ Ob(A) it will be called infinitesimal.
Remark 2.1. If Y is rigid as an abstract scheme (in the sequel the case Y ∼= P1 will be
extensively considered) then the functor Deff/Y coincides with Deff . If X is nonsingular
then each of the functors Def above coincides with the corresponding functor Def′.
Let X be a k-scheme, let A ∈ Ob(A), λ0 ∈ Pic(X), λ ∈ Pic(X × Spec(A)) and let λ⊗A k
be the pull-back of λ under the morphism A → k. It is possible to give a functor of Artin
rings Pλ0 by defining
Pλ0(A) = {λ ∈ X × Spec(A) : λ⊗A k = λ0} .
Let L be an invertible sheaf on X such that λ0 = [L]. The elements of Pλ0(A) are the
isomorphisms classes of deformations of L over A.
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Theorem 2.2 ([26], Theorem 3.3.1). Let X be an algebraic scheme, λ0 ∈ Pic(X). If
H0(X,OX ) ∼= k and h
1(X,OX) <∞, then
Pλ0(k[ǫ])
∼= H1(X,OX ).
Proposition 2.3 ([26], Proposition 1.2.9). Let X be an algebraic variety. There is an iso-
morphism:
κ : Def′X(k[ǫ])
∼= H1(X,TX )
called the Kodaira-Spencer correspondence.
In particular, if X is nonsingular there is an isomorphism:
κ : DefX(k[ǫ]) ∼= H
1(X,TX).
Definition 2.4. For every locally trivial first order deformation ξ of an algebraic variety X,
the cohomology class κ(ξ) ∈ H1(TX) is called the Kodaira-Spencer class of ξ.
Let S be an algebraic scheme and let ξ : X → S be a family of deformations of a
nonsingular variety X. Using the 1-1 correspondence between vectors in TsS and morphisms
Spec(k[ǫ])→ S with image s, one can define a linear map
κξ(s) : TsS → H
1(X,TX )
by sending a vector v to the Kodaira-Spencer class of the first order deformation obtained by
pulling back ξ by the morphism corresponding to v.
The map κξ(s) is called the Kodaira-Spencer map of the family ξ at s.
A Kodaira-Spencer map can be defined in a more general way for reduced schemes:
Proposition 2.5 ([26], Theorem 2.4.1 (iv)). Let X be a reduced algebraic scheme. There is
an isomorphism:
κ : DefX(k[ǫ]) ∼= Ext
1
OX
(Ω1X ,OX).
Remark 2.6. The isomorphism of Proposition 2.5 is defined in the following way. Let ξ : X →
Spec(k[ǫ]) be a first order deformation of X. The conormal sequence of X ⊂ X
0→ OX → Ω
1
X|X → Ω
1
X → 0 (1)
is exact and yields an element of Ext1OX (Ω
1
X ,OX). Define this element as κ(ξ).
Given an infinitesimal deformation η : X → Spec(A) of X one has a Kodaira-Spencer map
κη : tA → Ext
1
OX
(Ω1X ,OX) which associates to a tangent vector v ∈ tA the conormal sequence
(1) of the pullback of η to Spec(k[ǫ]) defined by v.
Notation as above, a case we are interested in is when f : X → Y is a closed embedding.
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Theorem 2.7 ([26], Theorem 3.4.17). Let j : X →֒ Y be a closed embedding of projec-
tive schemes with Y nonsingular and let TY 〈X〉 be the sheaf of tangent vectors to Y which
are tangent to X. Then Def′j has a formal semiuniversal deformation. Its tangent space is
H1(TY 〈X〉) and H
2(TY 〈X〉) is an obstruction space.
Moreover there is a short exact sequence
0→ IX/Y → TY 〈X〉 → TX → 0. (2)
Deforming the embedding j coincides with deforming the pair (Y,X), thus the functor
Def′j will be also indicated with Def
′
(Y,X).
Definition 2.8 ([26], Definition 3.4.22). If j : X →֒ Y is a closed embedding of projective
schemes, then X is called stable in Y if the (forgetful) morphism of functors of Artin rings
ΦY : Def
′j → Def′Y
is smooth (see [26], Definition 2.4.4).
Our definition of stability implies that every infinitesimal locally trivial deformation of Y
is induced by a locally trivial deformation of j.
Proposition 2.9 ([26], Proposition 3.4.23). Let j : X →֒ Y be a closed embedding of projective
schemes with Y nonsingular and let N ′X/Y be the equisingular normal sheaf of X in Y . If
H1(X,N ′X/Y ) = (0), then X is stable in Y .
Example 2.10 ([26], Example 3.4.24 (i)). Let Y be a projective nonsingular variety, γ ⊂ Y
a nonsingular closed subvariety and ǫ : X → Y the blow-up of Y with centre γ. Let E =
ǫ−1(γ) ⊂ X be the exceptional divisor. Then hi(E,NE/X) = 0 for all i. This means that E
is a stable subvariety of X. This is remarkable because γ has not been required to be stable in
Y .
2.2 Rational curves on varieties
The references for this subsection are the books of Debarre ([10]) and Kollár ([19]).
Let X be a quasi-projective variety and Y be a projective variety defined over a field k. There
exists a locally noetherian k-scheme Mor(Y,X) parameterizing morphisms from Y to X (see
[12], 4.c). This scheme will have in general countably many components.
Proposition 2.11 ([10], Proposition 2.4). Notation as above, let f : Y → X be a morphism,
and let [f ] be the corresponding point in Mor(Y,X). One has
T[f ]Mor(Y,X) ∼= H
0(Y,Hom(f∗Ω1X ,OY )). (3)
In particular, if X is smooth along the image of f one has
T[f ]Mor(Y,X) ∼= H
0(Y, f∗TX).
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Theorem 2.12 ([10], Theorem 2.6). Notation as above, let f : Y → X be a morphism
such that X is smooth along the image of f . Locally around [f ], the scheme Mor(Y,X) can be
defined by h1(Y, f∗TX) equations in a smooth scheme of dimension h
0(Y, f∗TX). In particular:
(i) any irreducible component of Mor(Y,X) through [f ] has dimension at least
h0(Y, f∗TX)− h
1(Y, f∗TX);
(ii) if h1(Y, f∗TX) = 0, then Mor(Y,X) is smooth at [f ].
Let now X be a complex projective variety of dimension n, let f : P1 → X be a morphism
such that X is smooth along the image of f and let f∗TX = OP1(a1) ⊕ ... ⊕ OP1(an), a1 ≥
a2 ≥ ... ≥ an. The numbers ai = ai(f) are important invariants of f .
We call deg(−KX)(f) = deg f
∗TX = deg f
∗(−KX) the anticanonical degree of f . One has
deg(−KX)(f) =
∑n
i=1 ai.
Proposition 2.13 ([19], II 3.12). If V ⊂ Mor(P1,X) is an irreducible component, then
deg(−KX)(f) is independent of [f ] ∈ V and a1(f), a2(f), ..., an(f) are independent of [f ] ∈ V
for f general.
Let V ⊂ Mor(P1,X) be an irreducible component. Define Locus(V ) as the set of points
x ∈ X such that there is a morphism f with x ∈ f(P1) and [f ] ∈ V . Locus(V ) turns out to
be a (not necessarily closed) subvariety of X (see [19], II 2.3).
Theorem 2.12 is a key ingredient to prove the following
Proposition 2.14 ([19], IV Theorem 2.7). Let X be a complex projective variety and V ⊂
Mor(P1,X) an irreducible component such that for the general [f ] ∈ V the image of f is
contained in the smooth locus of X. Let f∗TX ∼= OP1(a1) ⊕ ... ⊕ OP1(an) and suppose that
ai ≥ −1 for all i. Then
dim Locus(V ) = # {i|ai ≥ 0} . (4)
2.3 Fibrations
From now on we will assume k = C.
By a fibration we mean a surjective morphism with connected fibres f : X → B from a
projective nonsingular surface to a projective nonsingular connected curve.
A fibration is said to be
• relatively minimal if there are no (-1)-curves contained in any of its fibres.
• semistable if it is relatively minimal and every fibre has at most nodes as singularities.
• stable if every fibre has at most nodes as singularities and finite automorphisms group.
• non-isotrivial if all its nonsingular fibres are mutually isomorphic.
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We will denote by g the genus of a general fibre and by b the genus of the base curve B. We
will always assume g ≥ 2.
Sheaves of differentials will be denoted with the symbol Ω and dualizing sheaves with the
symbol ω. Let f : X → B be any fibration. Since both X and B are nonsingular one has
∧2Ω1X = ωX and Ω
1
B = ωB.
Since f is a relative complete intersection morphism we have the equality (see [18], Corollary
24)
ωX/B = ωX ⊗ f
∗ωB
−1. (5)
There exists an exact sequence
0→ f∗ωB → Ω
1
X → Ω
1
X/B → 0 (6)
(which is exact on the left because the first homomorphism is injective on a dense open set
and f∗ωB is locally free).
Define TX/B
.
= Hom(Ω1X/B ,OX ). The following is a classical result of Arakelov in the
semistable case, and it is due to Serrano in the general case (recall that we are assuming
g ≥ 2):
Theorem 2.15. If f is a non-isotrivial fibration, then h0(X,TX/B) = h
0(X,TX ) = 0. If
moreover f is relatively minimal, then one also has that h1(X,TX/B) = 0.
Proof. f is non-isotrivial if and only if f∗TX = 0 ([29], Lemma 3.2). Since f∗TX/B ⊂ f∗TX
one also has f∗TX/B = 0, and the first equality immediately follows. For the second equality,
see [1] or [30] in the semistable case and [28], Corollary 3.6, in the general case.
Let f : X → B be a non-isotrivial fibration. Consider the exact sequence (6) and apply on
it the left exact functor f∗Hom. Since the sheaves f∗Hom(Ω
1
X/B ,OX) and f∗Hom(Ω
1
X ,OX)
equal 0 by the proof of Theorem 2.15, one obtains the 4-terms exact sequence
0→ f∗Hom(f
∗ωB,OX)→ Ext
1
f (Ω
1
X/B ,OX)→ Ext
1
f (Ω
1
X ,OX)→
→ Ext1f (f
∗ωB ,OX)→ 0 (7)
where Extif (·,OX ) is the i-th derived functor of the left exact functor f∗ ◦Hom(·,OX ) and
the sheaves Ext2f are all 0 because the fibres of f are 1-dimensional. Let us compute each of
the terms in the sequence.
Since ωB is invertible, Hom and pull-back commute and so f∗Hom(f
∗ωB,OX ) = f∗f
∗(TB) =
TB by the projection formula.
By [20], (3) p. 102 and the projection formula we have Ext1f (Ω
1
X ,OX)
∼= R1f∗(TX) and
Ext1f (f
∗ωB,OX) = R
1f∗(f
∗TB) = TB ⊗R
1f∗OX , hence sequence (7) rewrites as
0→ TB
κf
−→ Ext1f (Ω
1
X/B ,OX )→ R
1f∗TX → TB ⊗R
1f∗OX → 0. (8)
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We are interested in the sheaf Ext1f (Ω
1
X/B ,OX) because its cohomology describes the de-
formation theory of f (see Lemma 2.18). This sheaf is not locally free in general, but it
decomposes as follows:
Ext1f (Ω
1
X/B ,OX) = E ⊕ T (9)
where E is locally free and T is a torsion sheaf. By the rank of Ext1f (Ω
1
X/B ,OX) we mean
the rank of E .
Lemma 2.16. For any fibration f : X → B the sheaf Ext1f (Ω
1
X/B ,OX) has rank 3g − 3.
Moreover, there is an exact sequence of sheaves on B
0→ R1f∗TX/B
c10−−→ Ext1f (Ω
1
X/B ,OX)
c01−−→ f∗Ext
1
OX (Ω
1
X/B ,OX)→ 0. (10)
If f is stable, then there is an isomorphism
Ext1f (Ω
1
X/B ,OX)
∼= Hom(f∗(Ω
1
X/B ⊗ ωX/B),OB) (11)
so that in particular Ext1f (Ω
1
X/B ,OX) is locally free.
Proof. Let b ∈ B. If X(b) is smooth, then Ext1OX(b)(Ω
1
X(b),OX(b))
∼= H1(TX(b)) has dimension
3g−3. Then, if U ⊂ B is the open set over which f is smooth, one has that Ext1f (Ω
1
X/B ,OX)|U
is locally free of rank 3g − 3.
(10) is the sequence associated to the local-to-global spectral sequence for Extf .
If f is stable Ω1X/B is torsion-free, hence flat over B, and the sheaf f∗(Ω
1
X/B⊗ωX/B) commutes
with base change. As a consequence, relative duality (see [18], Corollary 24) can be applied
and (11) follows.
Proposition 2.17 ([27], Proposition 1.7). If the fibration f is non-isotrivial one has
χ(Ext1f (Ω
1
X/B ,OX )) = 11χ(OX)− 2K
2
X + 2(b− 1)(g − 1). (12)
If we define NΨf as the cokernel of the homomorphism κf in sequence (8), we obtain two
short exact sequences:
0→ TB
κf
−→ Ext1f (Ω
1
X/B ,OX)→ NΨf → 0 (13)
0→ NΨf → R
1f∗TX → TB ⊗R
1f∗OX → 0. (14)
In case B ∼= P1, from the cohomology sequence of (13) one obtains immediately
h0(NΨf ) = h
0(Ext1f (Ω
1
X/P1 ,OX))− 3, h
1(NΨf ) = h
1(Ext1f (Ω
1
X/P1 ,OX)). (15)
Analogously, from the same cohomology sequence tensorized by OP1(−1) it follows that
h1(NΨf (−1)) = h
1(Ext1f (Ω
1
X/P1 ,OX)(−1)). (16)
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Assume now that the fibration f is also stable. To f we can associate a modular morphism
Ψf : B →Mg
to the moduli stack of stable curves of genus g. We know ([15], p. 49) that f∗(Ω
1
X/B⊗ωX/B)
∼=
Ψ∗fΩ
1
Mg
, thus Lemma 2.16 gives
Ext1f (Ω
1
X/B ,OX )
∼= Ψ∗fTMg . (17)
From (17) we are then allowed to interpret NΨf as the normal sheaf to the moduli map Ψf .
If the fibration f is not stable, we still have a non-empty open set U ⊂ B above which
all fibres of f are stable. Therefore we have an induced morphism U → Mg; since B is a
nonsingular curve, this morphism extends to a morphism
Ψf : B →Mg
with values in the coarse moduli space.
Now, assume the image of Ψf to be contained in the smooth locus of Mg. Then Ψ
∗
fTMg is a
locally free sheaf. If f is stable, this sheaf is isomorphic to Ψ∗fTMg , and we can think NΨf in
sequences (13) and (14) as the normal sheaf to the map Ψf with values in the coarse moduli
space. Since we want to use the results contained in Subsection 2.2, which refer to rational
curves on algebraic varieties, we will always consider the map Ψf to have values in the coarse
moduli space.
2.4 Deformations of fibrations and rational fibrations
Lemma 2.18 ([27], Lemma 2.1). Let f : X → B be a non-isotrivial fibration. Then there is
a natural isomorphism
µ : Ext1OX (Ω
1
X/B ,OX)→ H
0(Ext1f (Ω
1
X/B ,OX))
and both spaces are naturally identified with the tangent space of Deff/B , the functor of Artin
rings of deformations of f leaving the target fixed.
Moreover H1(Ext1f (Ω
1
X/B ,OX )) is an obstruction space for Deff/B.
Proposition 2.19 ([27], Lemma 2.2 (ii)). Let f : X → B be a non-isotrivial fibration.
For a point b ∈ B such that the fibre X(b) is reduced, the homomorphism κf : TB →
Ext1f (Ω
1
X/B ,OX) in the exact sequence (8) induces a linear map:
κf (b) : TbB → Ext
1
OX(b)
(Ω1X(b),OX(b)) (18)
which coincides with the Kodaira-Spencer map of the family f at b.
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We will call rational fibrations the fibrations parametrized by P1. All examples of rational
fibrations are obtained as follows.
Let S be a projective nonsingular surface and let C ⊂ S be a projective nonsingular connected
curve of genus g such that dim(|C|) ≥ 1. Consider a linear pencil Λ contained in |C| whose
general member is nonsingular and let ǫ : X → S be the blow-up at the (possibly empty)
set of its base points (including the infinitely near ones). We obtain a fibration f : X → P1
defined as the composition of ǫ with the rational map S 99K P1 defined by Λ. We will call f
the fibration defined by the pencil Λ.
Definition 2.20 ([27], Definition 3.1). Let f : X → P1 be a fibration of genus g and let E be
as in (9). Then one has
E ∼=
3g−3⊕
i=1
OP1(ai) (19)
for some integers ai, a1 ≥ a2 ≥ ... ≥ a3g−3. f is said to be free if it is non-isotrivial and
Ext1f (Ω
1
X/P1 ,OX) is globally generated i.e. ai ≥ 0 for all i.
The (3g − 3)-tuple (a1, ..., a3g−3) will be called the splitting type of Ext
1
f (Ω
1
X/P1 ,OX).
The following proposition explains the relation between curves with general moduli and free
fibrations:
Proposition 2.21 ([27], Proposition 4.8 and Theorem 4.9). Assume that C is a general
(nonsingular) curve of genus g ≥ 3 moving in a positive-dimensional linear system on a
projective nonsingular non-ruled surface S (see [26], Definition 4.3). Then a general pencil
Λ ⊂ |C| containing C as a member defines a free fibration. On the other hand, if there exists
a free fibration f : X → P1 in curves of genus g ≥ 3, then a general deformation of f has C
as a fibre.
The following proposition relates the cohomology of the twisted sheaves Ext1f (Ω
1
X/P1 ,OX)(k)
with the cohomology of TX(kF ), which is easier to compute. First, let us write down explicit-
ly the low-degree terms exact sequence associated to the Leray spectral sequence for an
arbitrary sheaf of abelian groups F on X (see [5], cap. XV, Theorem 5.11):
0→ H1(B, f∗F )→ H
1(X,F )→ H0(B,R1f∗F )→
→ H2(B, f∗F )→ H
2(X,F )→ H1(B,R1f∗F )→ 0. (20)
Proposition 2.22. Let f : X → P1 be a non-isotrivial fibration in curves of genus g, let E
as in (19), and let F be a fibre of f . Then
(i) for every integer k one has h0(NΨf (k)) ≤ h
1(TX(kF ));
(ii) if X is regular, h0(NΨf (−2)) = h
1(TX(−2F )); in particular if h
1(TX(−2F )) = 0 one
has a1 = 2 and ai ≤ 1 for i = 2, ..., 3g − 3.
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Proof. Consider the exact sequence
0→ NΨf (k)→ R
1f∗TX(kF )→ R
1f∗OX ⊗OP1(2 + k)→ 0 (21)
obtained by tensorizing sequence (14) by OP1(k).
Since f∗TX(kF ) = f∗TX ⊗OP1(k) equals 0 by the proof of Theorem 2.15, sequence (20) gives
h1(TX(kF )) = h
0(R1f∗TX(kF )), hence from the cohomology sequence associated to (21) one
gets h0(NΨf (k)) ≤ h
1(TX(kF )).
Let k = −2. Again by (20) and by the regularity of X one has 0 = h1(OX) = h
0(R1f∗OX),
from which h0(NΨf (−2)) = h
1(TX(−2F )).
If h1(TX(−2F )) = 0, one obtains h
0(Ext1f (Ω
1
X/P1 ,OX)(−2)) = 1 from the cohomology se-
quence of the short exact sequence (13) tensorized by OP1(−2). Since f is non-isotrivial, (13)
gives a1 ≥ 2. The last part of (ii) immediately follows.
Observe that equality (15) and (i) with k = 0 tell that the dimension of the space of first
order deformations of f is bounded above by h1(TX) + 3.
3 The Kodaira-Spencer map of a fibration
Proposition 3.1. Let f : X → B be a non-isotrivial fibration with reduced fibres such that
Ext1f (Ω
1
X/B ,OX) is locally free and h
0(TX |F ) = 0 for all smooth fibres of f . Then NΨf is
locally free.
Proof. By the exact sequence (13), the fact that NΨf is locally free is equivalent to the
injectivity (i.e. to the non degeneracy), for all b ∈ B, of the evaluation map κf (b), which by
Proposition 2.19 is nothing but the Kodaira-Spencer map of the family f at b.
Let F = X(b) be a singular fibre of f . Since F is reduced, by Remark 2.6 κf (b) is injective
if and only if the sequence
0→ OF → Ω
1
F|F → Ω
1
F → 0 (22)
does not split for some first order deformation F of F obtained as the pull-back over Spec(k[ǫ])
of the deformation
F //

X
f

b // B
(23)
by some vector v ∈ TbB.
This is in turn implied by the nonsplitting of the sequence
0→ OF → Ω
1
X|F → Ω
1
F → 0 (24)
which is obvious since Ω1F is not locally free (see [16], II Theorem 8.15).
Let now F = X(b) be a smooth fibre and consider the exact sequence
0→ TF → TX |F → NF/X → 0.
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The vector space H0(NF/X) is the tangent space at [F ] to HilbX(F ) ∼= B, hence it can
be identified with the tangent space TbB and the first coboundary map of the associated
cohomology sequence is exactly the Kodaira-Spencer map of the family f at b:
H0(TX |F )→ H
0(NF/X)
κf (b)
−−−→ H1(TF ).
Since H0(TX |F ) = (0), the map κf (b) must be injective. This completes the proof.
Fact 3.2. If f is a stable fibration, then h0(TX |F ) = 0 for all singular fibres F .
Proof. Let F be a singular fibre of f and consider the exact sequence
0→ TF → TX |F → N
′
F/X → 0 (25)
where N ′F/X is the equisingular normal sheaf of F in X.
Since the fibration is stable, h0(TF ) = 0 (cf. [17], p. 181). Moreover, since N
′
F/X
∼= Ip1,...,pδ⊗
NF/X where p1, ..., pδ are the nodes of F , one has h
0(N ′F/X) = 0. The cohomology sequence
of (25) gives the statement.
As a consequence, if the fibration is stable and h0(TX |F ) = 0 for all smooth fibres of f ,
then h0(TX |F ) = 0 for all fibres of f . In particular, this value does not depend on the fibre.
In the particular case B ∼= P1, the linear equivalence of the fibres can be used to prove the
following useful:
Proposition 3.3. Let f : X → P1 be a non-isotrivial fibration such that h0(TX |F ) does not
depend on the fibre. Then R1f∗TX is locally free. In particular NΨf is locally free.
Proof. Since TX is f -flat, we can apply [16], III Corollary 12.9, which tells that R
1f∗TX is
locally free if h1(TX |F ) does not depend on the fibre. Since all fibres are linearly equivalent,
the cohomology sequence associated to the short exact sequence
0→ TX(−F )→ TX → TX |F → 0
shows that h0(TX |F ) − h
1(TX |F ) does not depend on the fibre, thus R
1f∗TX is locally free.
By sequence (14), NΨf is locally free too.
It is easy to construct an example of a fibration f ′ such that NΨf ′ is not locally free.
Consider a non-isotrivial stable rational fibration f and the diagram
X ′ //
f ′

X
f

P
1 g // P1
(26)
where g is a double covering of P1 and X ′ is the fiber product. Suppose that g is branched
over points q1, q2 such that X(qi) is smooth, so that X
′ is smooth.
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Let Ψf ′ : P
1 → Mg be the modular morphism associated to f
′. One has dΨf ′(qi) = κf ′(qi),
where κf ′(qi) is the Kodaira-Spencer map of the family f
′ at qi. On the other hand Ψf ′ = Ψf ◦
g by construction, hence dΨf ′(qi) is degenerate. By the first part of the proof of Proposition
3.1, NΨf ′ cannot be locally free at qi.
Proposition 3.4. Let f : X → B be a non-isotrivial fibration, let F
.
= X(b) be a smooth fibre
and let κf (b) : H
0(NF/X)→ H
1(TF ) be the Kodaira-Spencer map. Then one of the following
occurs:
(i) h0(TX |F ) = 0, and this holds if and only if κf (b) is injective;
(ii) h0(TX |F ) = 1, and this holds if and only if κf (b) has image zero.
Moreover, (i) holds if and only if im(α) ∩ im(ξ) = (0) in the following diagram with exact
rows and columns
H1(TF )
= // H1(TF )
0 // H0(NF/X)
κf (b)
OO
α // H1(TX〈F 〉)
p
OO
β // H1(TX)
=

0 // H0(TX |F )
OO
// H1(TX(−F ))
ξ
OO
γ // H1(TX)
0
OO
0
OO
(27)
Proof. The first part of the statement is obvious since NF/X ∼= OF .
By the proof of Theorem 2.15 one has h0(TX) = 0, thus κf (b) is injective if and only if γ is
injective. Since the diagram is commutative, γ is injective if and only if β ◦ ξ is, i.e. if and
only if im(α) ∩ im(ξ) = (0).
Note that, by construction, p is the map sending a (isomorphism class of a) first order
deformation of the pair (X,F ) to the corresponding first order deformation of F . Hence the
image of ξ in H1(TX〈F 〉) is the subspace parameterizing isomorphisms classes of first order
deformations of (X,F ) inducing trivial first order deformations of F .
The map α sends a first order deformation F ′ of F into the isomorphism class (X,F ′).
4 Functors of Artin rings associated to a rational fibration de-
fined by a linear pencil
Let S be a smooth projective surface and let C ⊂ S be a connected nonsingular curve moving
in a positive-dimensional linear system. Let f : X → P1 be the rational fibration defined by
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a linear pencil in |C|.
Let A ∈ Ob(A), let C1, C2 ∈ |C| and let hi : Ci →֒ S be their closed embedding. A
deformation of the 3-tuple (S,C1, C2) over A is defined to be a cartesian diagram
(C1, C2)
(h1,h2)

// (C1, C2)
(H1,H2)

S //

S
Ψ

Spec(k) // Spec(A)
(28)
where Ψ and Ψ ◦Hi are flat.
Define the functor of Artin rings Def′(S,C1,C2) as
Def′(S,C1,C2)(A) =
{
isomorphisms classes of locally trivial
deformations of (S,C1, C2) over A
}
.
This functor admits a semiuniversal formal deformation. The proof of this fact is identical to
the one given in the case of pairs in [26], Theorem 3.4.17. In particular, there is a well-defined
tangent space to the functor, the space Def′(S,C1,C2)(k[ǫ]).
Let F1, F2 be two fibres of f and let ji : Fi → X, i = 1, 2 their closed embedding. In an
analogous way one can define the functor of Artin rings Def′(X,F1,F2) as
Def′(X,F1,F2)(A) =
{
isomorphisms classes of locally trivial
deformations of (X,F1, F2) over A
}
.
Let A ∈ ob(A). A deformation of the 3-tuple (f, F1, F2) over A is defined to be a cartesian
diagram
(F1, F2)
(j1,j2)

// (F1,F2)
(J1,J2)

X //
f

X
F

P
1 //

P
1 × Spec(A)
Ψ

Spec(k) // Spec(A)
(29)
where Ψ, Ψ ◦ F and F ◦ Jj are flat.
Define the functor of Artin rings Def′(f,F1,F2) as
Def′(f,F1,F2)(A) =
{
isomorphisms classes of locally trivial
deformations of (f, F1, F2) over A
}
.
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In order to prove that Def′(f,F1,F2)(k[ǫ]) has a structure of vector space one has to prove that
the functor Def′(f,F1,F2) satisfies conditions H0 and Hǫ of Schlessinger’s theorem (see [26],
Theorem 2.3.2).
Condition H0 is obviously satisfied. From the fact that the functors Def
′
Fi
, i = 1, 2 and Def′f
satisfy condition Hǫ (see [26], Corollary 2.4.2 and Theorem 3.4.8), it immediately follows that
also Def′(f,F1,F2) has to.
Lemma 4.1. Notation as above, let X be a regular surface. Then one has Def′(f,F1,F2)(k[ǫ])
∼=
Def′(X,F1,F2)(k[ǫ]) ⊕H
0(f∗TP1).
Proof. Consider the forgetful map β : Def′(f,F1,F2) → Def
′
(X,F1,F2)
and take λ0 = OX(F1) =
OX(F2) ∈ Pic(X). Since X is regular, by Theorem 2.2 one has Pλ0(k[ǫ]) = H
1(X,OX ) = (0),
thus for every first order deformation
(F1, F2)
(j1,j2)

// (F1,F2)
(J1,J2)

X //

X
Ψ

Spec(k) // Spec(k[ǫ])
(30)
of (X,F1, F2) one has that OX (F1) = OX (F2) i.e. F1 and F2 are linearly equivalent in
Div(X ). Consequently, (30) is the image of some first order deformation of (f, F1, F2) i.e.
the differential dβ : Def′(f,F1,F2)(k[ǫ]) → Def
′
(X,F1,F2)
(k[ǫ]) is surjective. The kernel of dβ
parametrizes isomorphisms classes of locally trivial first order deformations of f leaving the
domain, the target and the two fibres F1, F2 fixed, thus by [26], Proposition 3.4.2, it is
isomorphic to H0(f∗TP1).
Theorem 4.2. Notation as above, let S be a regular surface, let Fi be the strict transform
of Ci, i = 1, 2, in the blow-up ǫ : X → S and let C1 6= C2. Then there is an equivalence of
functors of Artin rings between Def′(X,F1,F2) and Def
′
(S,C1,C2)
.
Proof. Consider the map of functors of Artin rings γ : Def′(X,F1,F2) → Def
′
(S,C1,C2)
defined
in the following way. Let A ∈ ob(A), let ξA ∈ Def
′
(X,F1,F2)
(A) having as representative a
deformation
(F1, F2)
(j1,j2)

// (F1,F2)
(J1,J2)

X //

X

Spec(k) // Spec(A)
(31)
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By Example 2.10 the exceptional divisors E1, ..., Ek of the blow-up ǫ are stable, thus for all
i = 1, ..., k every infinitesimal locally trivial deformation of X is induced by an infinitesimal
locally trivial deformation of the embedding ei : Ei →֒ X.
Hence (31) induces a deformation of the morphism ǫ
X //
ǫ

X
E

S //

S

Spec(k) // Spec(A)
(32)
which is in particular a deformation of S.
One defines γA(ξA) as the element having as representative the deformation
(ǫ(F1), ǫ(F2))
(h1,h2)

// (E(F1), E(F2))
(H1,H2)

S //

S

Spec(k) // Spec(A)
(33)
where hi : ǫ(Fi) →֒ S, i = 1, 2, is the embedding.
For all morphisms A→ B, A,B ∈ ob(A) one has that the diagram
Def′(X,F1,F2)(A)

γA // Def′(S,C1,C2)(A)

Def′(X,F1,F2)(B)
γB // Def′(S,C1,C2)(B)
(34)
is commutative, hence γ is a well-defined map of functors.
Let us define an inverse for γ, say γ′. Let µA ∈ Def
′
(S,C1,C2)
(A) having as representative the
diagram
(C1, C2)
(h1,h2)

// (C1, C2)
(H1,H2)

S //

S

Spec(k) // Spec(A)
(35)
and let Z
.
= {p1, ..., pk} be the zero-dimensional subscheme of S whose points are the base
points of the pencil spanned by C1 and C2. Since S is regular, C1 and C2 are linearly equivalent
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in S, thus µA induces a deformation of (S,Z) over A giving a deformation of ǫ : X → S over
A
X //
ǫ

X
E

S //

S

Spec(k) // Spec(A)
(36)
One defines γ′(µA) as the element having as representative the deformation
(C˜1, C˜2)
(j1,j2)

// (C˜1, C˜2)
(J1,J2)

X //
f

X

Spec(k) // Spec(A)
(37)
where C˜i is the strict transform of Ci and ji : C˜i →֒ X, i = 1, 2 is the embedding.
γ′ is a well-defined map of functors and by construction γ and γ′ are inverse of each other,
hence there is a natural equivalence between Def′(X,F1,F2) and Def
′
(S,C1,C2)
.
5 The main theorem
Consider a primitive globally generated and ample line bundle L on a smooth K3 surface S.
Then the general member of |L| is a smooth irreducible curve (see [25]). If g is the genus of
that curve, we say that (S,L) is a smooth primitively polarized K3 surface of genus g. One
has L2 = 2g − 2 and dim |L| = g. In the sequel we will always assume g ≥ 3.
If Pic(S) ∼= Z[L], then L is very ample on S, hence it embeds S as a smooth projective surface
in Pg, whose smooth hyperplane section is a canonical curve (see [25]).
Let Fg be the moduli stack parameterizing smooth primitively polarized K3 surfaces (S,L)
of genus g. Fg is smooth, irreducible and of dimension 19 (see e.g. [3], VIII Theorem 7.3).
Moreover, for a general pair (S,L) ∈ Fg one has Pic(S) ∼= Z[L].
Let Pg be the moduli stack parameterizing pairs (S,C), where S is a smooth K3 surface with
a primitive polarization L of genus g and C ∈ |L| is a stable curve of genus g. We have a
surjective morphism of stacks
πg : Pg → Fg
given by the natural projection.
Since the fibres of πg are irreducible, Pg is an irreducible stack of dimension 19 + g. The
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tangent space to Pg at a pair (S,C) with C smooth is H
1(TS〈C〉) (see e.g. [11], Section 3).
We have a morphism of stacks
cg : Pg →Mg
defined as cg((S,C)) = [C]. Define Kg as the image of the morphism cg restricted to pairs
(S,C) such that C is smooth, and Kg as the closure of Kg in Mg.
Since 19+g ≥ 3g−3 if and only if g ≤ 11, one could expect naively cg to be dominant exactly
for these values of g. Actually the situation is not that simple:
Theorem 5.1. With notation as above one has
codimMg (Kg) =

0, g ≤ 9 or g = 11
1, g = 10
3, g = 12
2g − 22, g ≥ 13.
(38)
In particular, cg is dominant for g ≤ 9 and g = 11 (cf. [22]), but not for g = 10 (cf. [9]), and
generically finite for g = 11 and g ≥ 13, but not for g = 12 (cf. [23]).
If we denote by Fg the general fibre of the morphism cg, it follows that dim(Fg) is the
expected one apart from the cases g = 10, 12.
Consider a linear pencil Λ ⊂ |L| whose general element is nonsingular (Λ is always non-
isotrivial by [7], Proposition 1.2). Let ǫ : X → S be the blow-up at the base-points p1, ..., p2g−2
of Λ. The rational fibration f : X → P1 in curves of genus g (≥ 3) defined by Λ will be called
a K3-type fibration (of genus g).
By a general K3-type fibration we mean a K3-type fibration f such that (S,L) is a general
element of Fg and moreover the pencil Λ is general as a line in |L| ∼= P
g.
In this case Λ is a Lefschetz pencil i.e. every singular curve in Λ is irreducible with one node
and no other singularities, thus f is a stable fibration. In particular, by Lemma 2.16 one has
that Ext1f (Ω
1
X/P1 ,OX) is locally free.
Proposition 5.2. Let f be a K3-type fibration defined by a linear pencil whose elements are
irreducible curves with at most ordinary nodes. Then NΨf is locally free.
Proof. Since (S,L) is a primitive polarization, all fibres of f are reduced. By Proposition 3.1
it is then sufficient to show that h0(TX |F ) = 0 for any smooth fibre F . Consider the inclusion
of sheaves 0 → TX →֒ ǫ
∗TS and restrict it to the fibre F , which is the strict transform of
a curve C ⊂ S which is smooth or nodal. Applying the left exact functor ǫ∗ we obtain
h0(TX |F ) ≤ h
0(ǫ∗(ǫ
∗TS |F )) = h
0(TS |C). Since h
0(TS |C) = 0 by the proof of [7], Proposition
1.2, h0(TX |F ) must be zero.
In particular this holds for a general K3-type fibration.
Proposition 5.3. Let f : X → P1 be a K3-type fibration of genus g. Then one has
h0(Ext1f (Ω
1
X/P1 ,OX)) = 2g + 20 and h
1(Ext1f (Ω
1
X/P1 ,OX)) = 0. In particular deformations
of f are unobstructed.
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Proof. Notation as in Theorem 4.2, let (S,L) be a primitively polarized K3 surface of genus
g and let C1, C2 be general elements in Λ, C1 6= C2. Let α : Def
′
(S,C1,C2)
→ Def′(S,C1) be the
forgetful map and consider its differential dα : Def′(S,C1,C2)(k[ǫ]) → Def
′
(S,C1)
(k[ǫ]), which is
surjective. The kernel of dα is the vector space parameterizing isomorphisms classes of locally
trivial first order deformations of (S,C1, C2) which induce trivial first order deformations of
the pair (S,C1). Hence its dimension is the dimension of the image of the Kodaira-Spencer
map κ : H0(NC2/S)→ H
1(TC2), which is g since κ is injective by [7], Proposition 1.2.
Since Def′(S,C1)(k[ǫ]) is isomorphic to H
1(TS〈C1〉) (see Theorem 2.7), which has dimension
19 + g, one obtains that Def′(S,C1,C2)(k[ǫ]) has dimension 19+ 2g, which is also the dimension
of Def′(X,F1,F2)(k[ǫ]) by Theorem 4.2.
By Lemma 4.1 one has that Def′(f,F1,F2)(k[ǫ]) has dimension 19 + 2g + 3 = 22 + 2g.
In the end consider the forgetful map η : Def′(f,F1,F2) → Def
′
f . The kernel of the (surjective)
differential dη is isomorphic to the image of the Kodaira-Spencer map κ′ : H0(NF1/X) ⊕
H0(NF2/X) → H
1(TF1) ⊕H
1(TF2), which has dimension 2. It follows that dimDef
′
f (k[ǫ]) =
h0(Ext1f (Ω
1
X/P1 ,OX)) = 2g + 20. By equality (12) one has h
1(Ext1f (Ω
1
X/P1 ,OX)) = 0. The
unobstructedness follows from Lemma 2.18.
Proposition 5.4. Let f be a general K3-type fibration of genus g. Then f is free if and only
if g ≤ 9 or g = 11.
Proof. By construction, the stability of the Ei (see Example 2.10) and Proposition 5.3, a
(small) deformation of a K3-type fibration f of genus g is again a K3-type fibration (of the
same genus). Using Theorem 5.1 one can then conclude that there are no deformations of f
having as fibre the general curve of genus g for g = 10 or g ≥ 12, hence in these cases f is
not free by Proposition 2.21.
On the other hand, if g ≤ 9 or g = 11 then the linear system |L| of a general smooth
primitively polarized K3 surface (S,L) of genus g contains the general curve of genus g, again
by Theorem 5.1. Thus the general pencil Λ ⊂ |L| defines a free fibration by Proposition
2.21.
Let f be a K3-type fibration of genus g. Consider the short exact sequence (see (14))
0→ NΨf → R
1f∗TX → TP1 ⊗R
1f∗OX → 0. (39)
Let F be a fibre of f . We have that h1(F,OF ) = g and thus by [16], III Corollary 12.9,
R1f∗OX is a locally free sheaf of rank g. From sequence (20) one obtains the two equalities
0 = h1(OX) = h
0(R1f∗OX) and 1 = h
2(OX) = h
1(R1f∗OX).
Then one can conclude that R1f∗OX = OP1(−2)⊕OP1(−1)
⊕g−1, from which
TP1 ⊗R
1f∗OX = OP1 ⊕OP1(1)
⊕g−1. (40)
By Serre and Hodge duality one has that h2(TS) = h
0(Ω1S) = h
1(OS) = 0 and h
0(TS) =
h2(Ω1S) = h
1(ωS) = 0.
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Since f is non-isotrivial, one has h0(TX) = 0 by Theorem 2.15. Moreover one has that
h2(TX) = h
2(TS).
By Riemann-Roch formula one has χ(TX) = 2K
2
X − 10χ(OX ) and then h
1(TX) = 16 + 4g.
By sequence (20) one has h0(R1f∗TX) = 16 + 4g and h
1(R1f∗TX) = 0. The cohomology
sequence associated to (39) is then
0→ H0(NΨf )→ H
0(R1f∗TX)→ H
0(TP1 ⊗R
1f∗OX)→ H
1(NΨf )→ 0.
One can compute χ(NΨf ) = 2g+17 using this cohomology sequence or equality (12) combined
with equality (15).
The following lemmas lead us to compute the cohomology of TX(−F ) and TX(−2F ), which
is related to our problem by Proposition 2.22.
Lemma 5.5 ([8], Lemma 4). Let C be a general hyperplane section of a general primitively
polarized K3 surface of genus g ≥ 6. If k ≥ 3 then H0(NC/Pg−1(−k)) = (0). If g ≥ 7 then
H0(NC/Pg−1(−2)) = (0); if g = 6 then h
0(NC/Pg−1(−2)) ≤ 1.
Lemma 5.6 ([6], Lemma 2.4). Let C be a reduced and irreducible, not necessarily smooth,
degenerate canonical curve in Pg, of arithmetic genus g. Let XC be the cone over C from a
point in Pg off the hyperplane in which C sits. For all i ≥ 0, one has
H0(NXC/Pg(−i))
∼=
⊕
k≥i
H0(NC/Pg−1(−k)).
Lemma 5.7. Let (S,L) be a general primitively polarized K3 surface of genus g and C be a
general curve in |L|. Then one has
h1(TS(−C)) =

22− 2g, g ≤ 9
3, g = 10
0, g = 11 or g ≥ 13
1, g = 12.
(41)
and h1(TS(−2C)) = 0 for all g ≥ 7.
Proof. The cohomology sequence associated to the exact sequence 0→ TS(−C)→ TS〈C〉 →
TC → 0 writes as
0→ H1(TS(−C))→ H
1(TS〈C〉)
dcg
−−→ H1(TC)→ H
2(TS(−C))→ 0
where dcg is the tangent map to the morphism cg at (S,C) (see [4], Section 5). Since the
fibre Fg of cg over [C] is reduced, one has h
1(TS(−C)) = dimFg. Theorem 5.1 then gives the
first part of the statement.
Let g ≥ 7. By the cohomology sequence associated to the exact sequence
0→ TS(−2)→ TPg |S(−2)→ NS/Pg(−2)→ 0
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it is sufficient to show that h0(NS/Pg (−2)) = h
1(TPg |S(−2)) = 0.
Let XC be as in Lemma 5.6. Since S is projectively Cohen-Macaulay, it flatly degene-
rates to XC (see [6], Lemma 2.3), thus one has h
0(NS/Pg(−2)) ≤ h
0(NXC/Pg(−2)) by upper
semicontinuity. On the other hand h0(NXC/Pg (−2)) = 0 by Lemma 5.6 and Lemma 5.5.
One hasH0(TPg |S(−2)) = (0) by the Euler sequence restricted to S and tensorized byOS(−2).
The same sequence tensorized by OS(−1) gives
0→ H0(OS(−1))→ H
0(OS)
⊕g+1 → H0(TPg|S(−1))→ H
1(OS(−1))→
→ H1(OS)
⊕g+1 → H1(TPg|S(−1))→ H
2(OS(−1))
a
−→ H2(OS)
⊕g+1. (42)
Now, h1(OS) = 0 and the map a is injective by duality and the projective normality of S (see
[21], Proposition 2), thus h1(TPg |S(−1)) = 0.
The short exact sequence 0→ TPg |S(−2)→ TPg |S(−1)→ TPg |C(−1)→ 0 then gives
0→ H0(TPg |S(−1))→ H
0(TPg |C(−1))→ H
1(TPg |S(−2))→ 0
and one has that h1(TPg |S(−2)) = 0 if and only if H
0(TPg |S(−1)) ∼= H
0(TPg |C(−1)).
By sequence (42), h0(TPg |S(−1)) = g + 1 holds. Consider the Euler sequence restricted to C
and tensorized by OC(−1)
0→ OC(−1)→ H
0(OS(C))
∗ ⊗OC → TP10 |C(−1)→ 0.
One has that h0(TP10 |C(−1)) = g + 1 if and only if the cohomology map α : H
1(OC(−1))→
H0(OS(C))
∗ ⊗H1(OC) is injective i.e. if and only if its dual
H0(OS(C))⊗H
0(ωC) ∼=
(
H0(ωC)⊕ C
)
⊗H0(ωC)→ H
0(ωC
⊗2)
is surjective. It is then sufficient to show that the cup-product map H0(ωC) ⊗ H
0(ωC) →
H0(ω⊗2C ) is surjective. Since (S,L) is general, C is non-hyperelliptic, hence the surjectivity
holds by Noether’s theorem (see e.g. [2], p. 117) and h1(TPg |S(−2)) = 0.
Remark 5.8. Note that h0(TPg |S(−2)) = h
1(TPg |S(−2)) = 0 for every g ≥ 3 (not only for
g ≥ 7).
Lemma 5.9. Let f : X → P1 be a general K3-type fibration of genus g and let F be a fibre.
Then
h2(TX(−F )) =

0, g ≤ 9 or g = 11
1, g = 10
3, g = 12
2g − 22, g ≥ 13
(43)
and h1(TX(−2F )) = 0 for all g ≥ 7.
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Proof. For the first part, one has χ(TS(−C)) = χ(TS) − χ(TS |C) = 2g − 22. From Lemma
5.7 one gets
h2(TS(−C)) =

0, g ≤ 9 or g = 11
1, g = 10
3, g = 12
2g − 22, g ≥ 13.
Notation as above, let Ei
.
= ǫ−1(pi) be the exceptional divisors of the blow-up ǫ : X → S and
E
.
=
∑
iEi. From [26], Example 3.4.13 (iv) one has Nǫ
∼= OE(−E), thus there is an exact
sequence
0→ TX(−F )→ ǫ
∗TS(−F )→ OE(−E − F )→ 0
whose cohomology sequence gives h2(TX(−F )) = h
2(ǫ∗TS(−F )).
By the definition of F one has ǫ∗TS(−F ) ∼= ǫ
∗(TS(−C))⊗OX(E). From [16], V Proposition
3.4, it follows that ǫ∗OX(E) ∼= OS and R
1ǫ∗OX(E) = 0, hence the low-degree terms exact
sequence associated to the Leray spectral sequence for the sheaf ǫ∗(TS(−C))⊗OX(E) gives
h2 (ǫ∗(TS(−C))⊗OX(E)) = h
2(TS(−C)).
Let C1, C2 be general curves in |L|. Under the assumptions of Theorem 4.2 one has im(α) ∼=
im(β) in the commutative diagram
0 // kerα // Def′(X,F1,F2)(k[ǫ])
α //
∼=

Def′F1(k[ǫ]) ⊕Def
′
F2(k[ǫ])
∼=

0 // ker β // Def′(S,C1,C2)(k[ǫ])
β // Def′C1(k[ǫ]) ⊕Def
′
C2(k[ǫ])
(44)
thus kerα ∼= ker β.
Since F1 · F2 = 0, one has Def
′
(X,F1,F2)
(k[ǫ]) ∼= H1(TX〈F1 ∪ F2〉), H
1(TF1∪F2)
∼= H1(TF1) ⊕
H1(TF2) and the first row of diagram (44) coincides with the cohomology sequence of (2) at
the H1-level
0→ H1(TX(−2F ))→ H
1(TX〈F1 ∪ F2〉)→ H
1(TF1∪F2).
In particular kerα ∼= H1(TX(−2F )). Now consider the cohomology sequence
0→ H1(TS(−2C))→ H
1(TS〈C1 ∪ C2〉)
γ
−→ H1(TC1∪C2).
Since Def′(S,C1,C2)(k[ǫ]) ⊂ H
1(TS〈C1 ∪ C2〉) and β = γ|Def′(S,C1,C2)(k[ǫ])
, one has ker β ⊆
H1(TS(−2C)) = 0, where the last equality follows from Lemma 5.7.
In order to apply Proposition 2.14, we have to prove that, for a general K3-type fibration
f of genus g, the image of Ψf is contained in the smooth locus on Mg. The argument in the
proof involves hyperelliptic K3 surfaces.
Theorem 5.10 ([25]). Let S be a smooth K3 surface and L ∈ Pic(S) a globally generated
line bundle such that L2 > 0. Let φ
.
= φ|L| : S → P
g be the associated morphism, where
L2 = 2g − 2. Then there are only two possibilities:
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(i) if |L| contains a nonhyperelliptic curve, then φ is birational onto a surface of degree
2g − 2;
(ii) if |L| contains a hyperelliptic curve, then φ is a generically 2-to-1 mapping of S onto a
surface W of degree g−1. The surface W is one among P2 and the Hirzebruch surfaces
Fn with n = 0, 1, 2, 3, 4. The branching curve belongs to the linear system | − 2KW |.
In the second case, |L| will be called a hyperelliptic linear system and S a hyperelliptic K3
surface (of genus g).
The surfaces Fn are the projective bundles PP1 (OP1(n)⊕OP1). Let H be the class of the
tautological line bundle OFn(1) in Pic(Fn), let F be a fibre of the projection over P
1 and, for
n ≥ 1, let B be the unique irreducible curve on Fn with negative self-intersection. One has
H2 = n, F 2 = 0, H · F = 1 and B2 = −n. The canonical classes are KF0 = −2F − 2H and
KFn = −(n+ 2)F − 2B, n ≥ 1.
If S is a double cover of F = Fn, the hyperelliptic linear system is
|Ln|
.
=

∣∣∣φ∗ ((n2 + g−12 )F +B)∣∣∣ , n 6= 0,∣∣∣φ∗ (( g−12 )F +H)∣∣∣ , n = 0
and the g12 is cut out by the elliptic pencil |E| where E
.
= φ∗(F ).
The pairs (S,Ln), with S → Fn as above, define a substack Ag,n ⊂ Fg and the union of these
is just the hyperelliptic substack of Fg i.e. the substack parameterizing pairs (S,L) such that
S is a hyperelliptic surface and |L| is the hyperelliptic linear system.
It turns out that in a certain sense the double covers of F2 and F3 are degenerate cases of
double covers of F0 and F1 (see [24], Theorem 3.5 for a precise statement).
As a consequence, if g is even, the hyperelliptic substack consists of the single component
Ag,1, whereas if g is odd it has two components Ag,0 and Ag,4. These components are in all
cases of codimension 1 in Fg i.e. they are 18-dimensional.
Define Dg,n ⊂ Pg as the inverse image of Ag,n by the projection πg. Dg,1, Dg,0 and Dg,4 are
(18+g)-dimensional substacks of Pg.
Proposition 5.11. Let f be a general K3-type fibration genus g. Then the image of Ψf is
contained in the smooth locus of Mg.
Proof. For low genera the statement can be proved with a straightforward adaptation of the
proof of [9], Lemma 3.4, which refers to g = 10. If the morphism cg is dominant, which
happens for 3 ≤ g ≤ 9 and g = 11, then the statement follows from the fact that there are
no irreducible components of the singular locus of M g of codimension 1 (see [14], pp. 53-54).
Hence we can assume the result for g ≤ 11.
Let S be a general hyperelliptic K3 surface of genus g and let |L| be the hyperelliptic linear
system. It is sufficient to prove that there is a linear pencil P ⊂ |L| which consists entirely
of curves having no automorphisms apart from the hyperelliptic involution. Indeed, if this is
23
the case, the polarized surface (S,L) can be deformed to a polarized non-hyperelliptic surface
(S′, L′) having a pencil P ′ ⊂ |L′| consisting entirely of curves without automorphisms.
Let Hg ⊂ Mg be the hyperelliptic locus and let Lg ⊂ Hg be the locus consisting of hy-
perelliptic curves with extra automorphisms. Let k be the dimension of the locus in |L|
parameterizing smooth hyperelliptic curves with extra automorphisms. We want to show
that k ≤ g− 2, so that the general pencil P ⊂ |L| does not contain smooth curves with extra
automorphisms.
Let g be odd, let Dg,0 as in the definition above, and let D
′
g,0 ⊂ Dg,0 be the sublocus pa-
rameterizing pairs (S,C) such that C is smooth and has extra automorphisms. Since Lg has
dimension g (see [13]), each fibre c−1g ([C]) of the map cg : D
′
g,0 →Mg has dimension at least
18 + k − g.
Let (S,L) be a general hyperelliptic K3 surface in Ag,0, let φ
.
= φ|L| : S → F0 = P
1 × P1 be
the double cover ramified over a curve G ∈ |4F +4H| and let C ∈ |L|. We want to show that
c−1g ([C]) has dimension at most 16, so that 18 + k − g ≤ 16 i.e. k ≤ g − 2.
One has dim c−1g ([C]) ≤ h
1(TS(−C)) since the tangent space to c
−1
g ([C]) at the point (S,C)
is H1(TS(−C)). Let E
.
= φ∗F . The elliptic pencil |E| defines a rational fibration ϕ
.
= ϕ|E| :
S → P1. Consider the short exact sequence
0→ ϕ∗ωP1(C)→ Ω
1
S(C)→ Ω
1
S/P1(C)→ 0.
One has ϕ∗ωP1(C) ∼= OS(C − 2E) and C − 2E is linearly equivalent to
g−5
2 E + φ
∗H, which
is big and nef (for g ≥ 7), hence by the Kawamata-Viehweg vanishing theorem one has the
exact sequence
0→ H0(ϕ∗ωP1(C))→ H
0(Ω1S(C))→ H
0(Ω1S/P1(C))→ 0 (45)
and h0(ϕ∗ωP1(C)) = χ(OS(C − 2E)) = g − 3.
Since |F | has no singular curves, the singular curves of |E| are pull-backs by φ of curves in
|F | which are tangents to the branch divisor G. Since G is general in its linear system, the
tangencies are simple, thus the singularities of the fibration ϕ are nodal. We then have a
short exact sequence
0→ Ω1S/P1(C)→ ωS/P1(C)→ N → 0 (46)
where N is a torsion sheaf supported on the set of 24 = 12χ(OS) − K
2
S singular points
q1, ..., q24 of the singular fibres of ϕ and having stalk C at each of them. Sequence (46) gives
Ω1S/P1(C)
∼= Iq1,...,q24 ⊗ ωS/P1(C). (47)
By equality (5) one has ωS/P1(C) ∼= ωS(C) ⊗ ϕ
∗ω−1
P1
∼= OS(C + 2E). One can again apply
Kawamata-Viehweg on OS(C + 2E) and obtain h
0(OS(C + 2E)) = χ(OS(C + 2E)) = g + 5.
Let i = min
{
g+3
2 + 1, 24
}
. Since G is general, there is a reducible curve A ∈
∣∣∣ g+32 F +H∣∣∣ ⊂
P
1 × P1, of the form F1 + F2 + · · · + F g+3
2
+ H, which separates the points φ(q1), ..., φ(qi),
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thus the curve φ∗A ∈ |C + 2E| separates the points q1, ..., qi and so q1, ..., q24 impose at
least i conditions to the linear system |C + 2E|. In particular for g ≥ 11 they impose at
least 8 conditions, hence isomorphism (47) gives h0(Ω1S/P1(C)) ≤ h
0(ωS/P1(C)) − 8 = g − 3.
Sequence (45) then gives h0(Ω1S(C)) = h
0(ϕ∗ωP1(C)) + h
0(Ω1S/P1(C)) ≤ 2g − 6. Serre duality
gives h0(Ω1S(C)) = h
2(TS(−C)). Since χ(TS(−C)) = h
2(TS(−C)) − h
1(TS(−C)) = 2g − 22,
one gets h1(TS(−C)) ≤ 16 as we wanted.
A similar argument yields the same property if g is even. In this case the role of A is played
by a reducible curve of the form F1 + F2 + · · · + F g
2
+2 +B ∈
∣∣( g
2 + 2
)
F +B
∣∣ on F1. In this
way we have proved that a general pencil P on a general hyperelliptic K3 surface does not
contain smooth curves having extra automorphisms apart from the hyperelliptic involution.
We have to prove that the same is true for the singular curves in P.
Note that singular curves in the linear system
∣∣∣g−12 F +H∣∣∣ (if g is odd) or ∣∣g2F +B∣∣ (is g
is even) are all reducible, hence singular irreducible curves in |L| are pull-backs of curves
which are tangent to the branch divisor G. Since G is general, the general tangent curve
to G has only one (simple) tangency point, thus singular irreducible curves in P must have
one ordinary node and no other singularities. An automorphism of such a curve can be
seen as an automorphism of its desingularization, which is a smooth curve of genus g − 1,
fixing (as a set) the inverse images of the singular point. Hence the locus of irreducible
1-nodal hyperelliptic curves with extra automorphisms has dimension less than or equal to
dim(Lg−1) = g − 1. However, P could contain also hyperelliptic reducible curves which are
pull-backs of connected reducible curves. Fix a (general) hyperelliptic reducible curve C of
this kind. One has C = C1 ∪C2 ∪ ...∪Cl, where Ci are irreducible hyperelliptic curves. Since
C is general, one has Ci 6= Cj for i 6= j, thus an automorphism of C is a l-tuple (γ1, ..., γl),
where γi is an automorphism of Ci fixing (as a set) the intersection points of Ci with each
other component Cj . Since C is the pull-back of a connected curve, each component Ci has
to intersect at least one other component in at least two points. Since pa(C) = g one has
that
∑
i g(Ci) ≤ g − 1. Using this fact, one finds that the locus of reducible hyperelliptic
curves with extra automorphisms has dimension less than or equal to g − 1. In conclusion, if
k is the dimension of the locus in |L| parameterizing singular hyperelliptic curves with extra-
automorphisms, applying the same argument of the smooth case, one finds again k ≤ g − 2,
hence singular curves in P have no extra automorphisms. This completes the proof.
Let f be a K3-type fibration of genus g. It is easy to see that the number of negative
summands in the splitting of Ext1f (Ω
1
X/P1 ,OX) is greater than or equal to the codimension
of the locus Kg in Mg.
For g ≤ 9 and g = 11 the statement is obvious as the map cg is dominant.
For the remaining cases consider the exact sequence (21) with k = −1:
0→ NΨf (−1)→ R
1f∗TX(−F )→ R
1f∗OX ⊗OP1(1)→ 0. (48)
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By (40) one has h1(R1f∗OX ⊗OP1(1)) = 0, from which
h1(NΨf (−1)) ≥ h
1(R1f∗TX(−F )) = h
2(TX(−F )). (49)
From Lemma 5.9 one has
h1(NΨf (−1)) ≥

1, g = 10
3, g = 12
2g − 22, g ≥ 13.
(50)
On the other hand, by Proposition 5.3 all the negative ai equal -1, hence by (16) the number
h1(NΨf (−1)) is exactly the number of negative ai, while the values in the right term are
exactly the codimensions of Kg in Mg, as given by (38).
Although deformations of f are unobstructed, the number of negative summands in the
splitting of Ext1f (Ω
1
X/P1 ,OX) could be strictly greater than the codimension of the locus Kg
in Mg. The following proposition proves that this is not the case if f is a general K3-type
fibration:
Proposition 5.12. Let f be a general K3-type fibration of genus g. Then the number of
negative summands in the splitting of Ext1f (Ω
1
X/P1 ,OX) equals the codimension of the locus
Kg in Mg.
Proof. As has just been pointed out, the codimension of Kg in Mg is 0 for g ≤ 9 or g = 11.
By Proposition 5.4 f is free for these genera.
For the remaining cases, by Proposition 5.11 one has that Mg is smooth along the image of
Ψf for f general, thus Ψ
∗
fTMg is locally free and isomorphic to Ext
1
f (Ω
1
X/P1 ,OX).
Let V ⊂ Mor(P1,M g) be the irreducible component containing the point [Ψf ]. By Proposition
5.3 one has h1(Ψ∗fTMg ) = 0, thus Proposition 2.14 can be applied. Since dim Locus(V ) =
dimKg the statement follows.
We now have all the information to explicitly write down the splitting of the locally free
sheaves Ext1f (Ω
1
X/P1 ,OX) and NΨf
.
=
⊕3g−4
i=1 OP1(bi) for a general K3-type fibration f .
Theorem 5.13. Let f be a general K3-type fibration of genus g ≥ 7. Then
Ext1f (Ω
1
X/P1 ,OX)
∼=

OP1(2) ⊕OP1(1)
⊕21−g ⊕O⊕4g−25
P1
, 7 ≤ g ≤ 9
OP1(2) ⊕OP1(1)
⊕12 ⊕O⊕13
P1
⊕OP1(−1), g = 10
OP1(2) ⊕OP1(1)
⊕10 ⊕O⊕19
P1
, g = 11
OP1(2) ⊕OP1(1)
⊕12 ⊕O⊕17
P1
⊕OP1(−1)
⊕3, g = 12
OP1(2) ⊕OP1(1)
⊕g−1 ⊕O⊕19
P1
⊕OP1(−1)
⊕2g−22, g ≥ 13.
Proof. Proposition 5.3 gives h0(Ext1f (Ω
1
X/P1 ,OX)) = 2g + 20 and moreover tells that all
the negative ai equal −1. Proposition 5.12 and Theorem 5.1 give the number of negative
summands. Proposition 2.22 applied to Lemma 5.9 gives that there is only one summand
ai ≥ 2 and it equals 2.
These facts uniquely determine the splitting type of Ext1f (Ω
1
X/P1 ,OX).
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Corollary 5.14. Let f be a general K3-type fibration of genus g ≥ 7. Then sequence (13)
splits i.e. Ext1f (Ω
1
X/P1 ,OX)
∼= OP1(2)⊕NΨf .
Proof. Proposition 5.3 and equations (15) and (16) give h0(NΨf ) = 2g+17, h
1(NΨf ) = 0 and
h1(NΨf (−1)) = h
1(Ext1f (Ω
1
X/P1 ,OX)(−1)). Moreover, by Proposition 2.22 one has bi ≤ 1 for
all i. These facts and Theorem 5.13 uniquely determine the splitting of NΨf . The statement
follows.
6 Geometric interpretation of Theorem 5.13
Lemma 6.1. Let f : X → P1 be a non-isotrivial fibration of genus g defined by a linear pencil
Λ ⊂ U ⊂ |C| on a smooth projective surface S such that the curves in Λ are smooth at the
base points, where U is the open set where the moduli map µ : U → Mg is defined. If µ is
generically finite, then there is an inclusion OP1(2) ⊕OP1(1)
⊕ dim |C|−1 →֒ Ψ∗fTMg .
Proof. Let l be the line corresponding to Λ in the projective space Pdim |C| ∼= |C|. Since µ is
generically finite and µ|l = Ψf (by definition and the fact that the curves in Λ are smooth at
the base points) one has
OP1(2) ⊕OP1(1)
⊕ dim |C|−1 ∼= TPdim |C| |l
∼= TU |l →֒ µ
∗TMg |l
∼= Ψ∗fTMg .
In the case of K3-type fibrations, one has that µ is finite by [7], Proposition 1.2, thus
Lemma 6.1 applies. The inclusion in Lemma 6.1 induces an inclusion of the spaces of global
sections
H0(OP1(2)⊕OP1(1)
⊕g−1) →֒ H0(Ext1f (Ω
1
X/P1 ,OX ))
∼= Def′f (k[ǫ])
which admits a nice geometrical interpretation. IndeedH0
(
OP1(2) ⊕OP1(1)
⊕g−1
)
can be seen
as the vector subspace of Def′f (k[ǫ]) parameterizing first order deformations of the morphism
f obtained by keeping S fixed and varying the linear pencil Λ inside |C|.
The inclusion in the lemma is as a direct summand for g ≥ 7 (see Theorem 5.13). In other
words, the first g summands in the splitting of Ext1f (Ω
1
X/P1 ,OX) for g ≥ 7 can be interpreted
as those "coming from" deformations of f inducing a trivial deformation of the surface S.
In the cases g = 7, 8, 9, 10, 12 there are more summands of the type OP1(1) in the splitting of
Ext1f (Ω
1
X/P1 ,OX) and their number equal the dimension of the general fibre of the morphism
cg.
In conclusion, also keeping in mind Proposition 5.12, the splitting of Ext1f (Ω
1
X/P1 ,OX) for
g ≥ 7 can be restated as follows:
Theorem 6.2. Let f be a general K3-type fibration of genus g ≥ 7, let ag be the dimension
of the general fibre of the morphism cg, and bg the codimension of Kg in Mg. Then
Ext1f (Ω
1
X/P1 ,OX)
∼= OP1(2) ⊕OP1(1)
⊕g−1 ⊕OP1(1)
⊕ag ⊕O
⊕2g−3−ag−bg
P1
⊕OP1(−1)
⊕bg .
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One can consider the vector space H0(Ext1f (Ω
1
X/P1 ,OX)(−1)), which is the subspace of
H0(Ext1f (Ω
1
X/P1 ,OX )) parameterizing first order deformations of f inducing trivial defor-
mations on a fixed fibre F = f∗OP1(1).
From Theorem 6.2 one has h0(Ext1f (Ω
1
X/P1 ,OX)(−1)) = 2+ (g− 1)+ ag. The first summand
is the number of parameters counting automorphisms of P1 keeping a point fixed, the second
is the number of parameters counting lines in |C| ∼= Pg passing through a fixed point, the
third is the number of parameters counting K3 surfaces containing a curve isomorphic to F .
Remark 6.3. Theorem 6.2 shows that, for g = 7, 8, 9, 11, the morphism Ψf is a so-called
minimal free morphism. Given a projective variety X of dimension n and a free morphism
h : P1 → X, h is said to be minimal if the splitting of h∗TX is:
h∗TX ∼= OP1(2)⊕OP1(1)
⊕r ⊕O⊕n−r−1
P1
for some nonnegative integer r. The number r + 1 equals the dimension of the subvariety of
X swept out by deformations of h passing through a fixed general point of X (see [10], p.
93).
Note that for g ≤ 6 the rank of Ext1f (Ω
1
X/P1 ,OX), which is 3g−3, is too small with respect
to the dimension of the space of global sections, which is 2g + 20, hence more summands of
the kind OP1(ai), ai ≥ 2, must appear in the splitting of Ext
1
f (Ω
1
X/P1 ,OX) and the structure
shown in Theorem 6.2 is lost. Moreover, Ψf is not a minimal morphism anymore.
Acknowledgements
This paper arose as an attempt to carry on Sernesi’s work on deformations of fibrations. The
author is grateful to him for suggesting the problem and providing the technical framework.
The author also thanks Ciro Ciliberto and Flaminio Flamini for useful discussions.
References
[1] S. JU. ARAKELOV, Families of algebraic curves with fixed degeneracy, Math. USSR Izvestija
5 (1971), 1277-1302.
[2] E. ARBARELLO, M. CORNALBA, P.A. GRIFFITHS, J. HARRIS, Geometry of algebraic
curves vol. I, Springer-Verlag, 1985.
[3] W. BARTH, C. PETERS, A. VAN DE VEN, Compact complex surfaces, Springer-Verlag,
1984.
[4] A. BEAUVILLE, Fano 3-folds and K3 surfaces, Proceedings of the Fano Conference, Univ. di
Torino (2004), 175-184.
[5] H. CARTAN, S. EILENBERG, Homological Algebra, Princeton University Press, 1956.
[6] C. CILIBERTO, T. DEDIEU, On universal Severi varieties of low genus K3 surfaces, Math.
Zeit. 271-3 (2012), pp 953-960.
28
[7] C. CILIBERTO, A.L. KNUTSEN, On k-gonal loci in Severi varieties on general K3 surfaces
and rational curves on hyperkähler manifolds, arXiv:1204.4838.
[8] C. CILIBERTO, A.F. LOPEZ, R. MIRANDA, Projective degenerations of K3 surfaces, Gaus-
sian maps, and Fano 3-folds, Invent. Math. (1993), 641-667.
[9] F. CUKIERMAN, D. ULMER, Curves of genus ten on K3 surfaces, Compositio Math. 89-1
(1993), 81-90.
[10] O. DEBARRE, Higher-dimensional algebraic geometry, Springer-Verlag, 2001.
[11] F. FLAMINI, Pr-scrolls arising from Brill-Noether theory and K3 surfaces, Manuscr. Math.
132 (2010), 199-220.
[12] A. GROTHENDIECK, Techniques de construction et théorèmes d’existence en géométrie al-
gébrique IV : les schemas de Hilbert, Séminaire Bourbaki, 1960/61, Exp. 221, Astérisque hors
serie 6, Soc. Math. Fr. (1997).
[13] J. GUTIERREZ, T. SHASKA, Hyperelliptic curves with extra involutions, J. London Math.
Soc. 8 (2005), 102-115.
[14] J. HARRIS, I. MORRISON, Moduli of curves, Springer, 1998.
[15] J. HARRIS, D. MUMFORD, On the Kodaira dimension of the moduli space of curves, Inven-
tiones Math. 67 (1982), 23-86.
[16] R. HARTSHORNE, Algebraic geometry, Springer Verlag, 1977.
[17] R. HARTSHORNE, Deformation theory, Springer-Verlag, 2010.
[18] S. KLEIMAN, Relative duality for quasi-coherent sheaves, Compositio Math. 41 (1980), 39-60.
[19] J. KOLLÁR, Rational curves on algebraic varieties, Springer-Verlag, 1999.
[20] H. LANGE, Universal families of extensions, J. Algebra 83 (1983), 101-112.
[21] A. MAYER, Families of K3 surfaces, Nagoya Math. J. 48 (1972), 1-17.
[22] S. MUKAI, Curves, K3 surfaces and Fano 3-folds of genus ≤ 10, Algebraic geometry and
commutative algebra I, 357-377, Kinokuniya, Tokyo (1988).
[23] S. MUKAI, Fano 3-folds, Complex projective geometry (Trieste-Bergen, 1989), London Math.
Soc. Lecture Note Ser. 179 (1992), 255-263.
[24] M. REID, Hyperelliptic linear systems on a K3 surface, J. London Math. Soc. 13-2 (1976),
427-437.
[25] B. SAINT-DONAT, Projective models of K3 surfaces, Amer. J. Math. 96 (1974), 602-639.
[26] E. SERNESI, Deformations of algebraic schemes, Springer-Verlag, 2006.
[27] E. SERNESI, General curves on algebraic surfaces, J. Reine Angew. Math. 700 (2015), 209-
233.
[28] F. SERRANO, Fibred surfaces and moduli, Duke Math. J. 67 (1992), 407-421.
[29] F. SERRANO, Isotrivial fibred surfaces, Annali di Mat. P. A. (4) 171 (1996), 63-81.
29
[30] L. SZPIRO, Propriétés numériques du faisceau dualizant relatif, Asterisque 86 (1981), 44-78.
Luca Benzo
Dipartimento di Matematica
Università di Roma Tor Vergata
Via della Ricerca Scientifica 1
00133 Roma, Italy.
e-mail benzo@mat.uniroma2.it
30
